1. Introduction. Throughout this paper p denotes an odd prime. Let K be a cyclic extension field of the rational field Q with [K : Q] = p. In this paper we give an explicit formula for the discriminant d(K) of K in terms of the coefficients of a defining polynomial for K. We prove Let θ ∈ C be a root of f (X) and set K = Q(θ) so that K is a cyclic extension of Q with [K : Q] = p. Then
where the conductor f (K) of K is given by This theorem will follow from a number of lemmas proved in Section 2. In Section 3 Theorem 1 is applied to some quintic polynomials introduced by Lehmer [5] in 1988. In Section 4 some numerical examples illustrating Theorem 1 are given.
2.
Results on the ramification of a prime in a cyclic field of odd prime degree. We begin with the following result.
Lemma 1. Let g(X) ∈ Z[X]
be a monic polynomial of degree p having Gal (g) Z/pZ. Let θ ∈ C be a root of g(X) and set K = Q(θ). Let q be a prime. If q ramifies in K, then there exists an integer r such that
Proof. Suppose that the prime q ramifies in K. As K is a cyclic extension of Q, it is a normal extension, and so
and so, as θ ∈ O K , there exists r ∈ Z such that (5) θ ≡ r (mod Q).
Let θ = θ 1 , . . . , θ p ∈ C be the roots of g(X). Taking conjugates of (5), we obtain
Hence,
as asserted.
From this point on, we assume that
is such that (1) and (2) hold. We let θ = θ 1 , . . . , θ p ∈ C be the roots of f (X) and we set K = Q(θ) so that K is a cyclic extension of degree p.
Lemma 2. Let q be a prime
Proof. (a) Suppose that q ramifies in K. Then, by Lemma 1, there exists an integer r such that
Equating the coefficients of X p−1 (mod q), we see that 0 ≡ −pr (mod q). As p = q we must have q | r. From the coefficients of X i , i = 0, 1, . . . , p − 2, we deduce that
but that q does not ramify in K. Then
where the Q i are distinct prime ideals in K. We have
As Q i is a prime ideal, we deduce that Q i | θ for i = 1, . . . , t, and so q | θ. This shows that θ/q ∈ O K . The minimal polynomial of θ/q over Q is
contradicting (2) . Hence q ramifies in K.
Proof. Suppose on the contrary that p ramifies in K. By Lemma 1 there exists an integer r such that
which is a contradiction. Hence p does not ramify in K.
Proof. Suppose p does not ramify in K. Then
and so p
. This proves that p ramifies in K.
Lemma 5. If
Clearly p b 0 . We set
Hence h(X) can be taken as the defining polynomial for the field K. 
Further,
We have
and
By conjugation we deduce that
This completes the proof of Lemma 5.
We consider two cases.
Next we define the nonnegative integer l by ℘ l f (θ). By conjugation we have
where
. . , p−1, are all distinct. Hence, by (6) and (7), we have
Thus Case (ii): r = 1, 2, . . . , p − 1. We set
so that, with a p−1 = 0, a p = 1,
In particular, we have
we must have b j p p−j ∈ Z, j = 0, 1, . . . , p.
By Lemma 1 there exists an integer s such that
g * (X) ≡ (X − s) p (mod p). Thus r = b p−1 /p = coefficient of X p−1 in g * (X) ≡ −ps ≡ 0 (mod p), contradicting 1 ≤ r ≤ p − 1. Hence, k = 1, 2, . . . , p − 1. Now let α = α 1 , . . . , α p ∈ C be the roots of g(X), so that ℘ p 2 (p−1) = p p(p−1) | disc (f ) = disc (g) = ± p i=1 g (α i ).
Suppose that ℘ t g (α). By conjugation we have
are all distinct modulo p, they must all be different. From (10) and (11), we deduce
From the first of these, we have
As k ∈ Z we must have k ≥ p − 1. Since k ∈ {1, 2, . . . , p − 1}, we deduce that k = p − 1. Then, from the second divisibility condition in (12), we deduce that
which is impossible.
In both cases we have been led to a contradiction. Thus p does not ramify in K.
Proof of Theorem 1.
It is well known, see, for example, [6, p. 831 
where q runs through primes and
Clearly, by Lemma 2, we have
Finally we treat the prime p. We consider four cases.
In Case (I), by Lemma 3, p does not ramify in K, and so α = 0. In Case (II), by Lemma 4, p ramifies in K, and so α = 2. In Case (III), by Lemma 5, p ramifies in K, and so α = 2. In Case (IV), by Lemma 6, p does not ramify in K, and so α = 0.
This completes the proof of Theorem 1.
We conclude this section by looking at the case p = 3 in some detail. Let f (X) = X 3 + aX + b ∈ Z[X] be such that Gal (f ) Z/3Z and suppose that there does not exist a prime q such that q 2 | a and q 3 | b.
for some positive integer c. Since 3 2 | a, 3 3 | b cannot occur, we deduce as in [4, p. 4 ] that exactly one of the following four possibilities occurs:
Clearly (i) is equivalent to
(ii) is equivalent to
By Theorem 1, we have
where q runs through primes, and
that is,
in agreement with [4] .
Emma Lehmer's quintics.
Let t ∈ Q and set
These polynomials were introduced by Lehmer [5] in 1988 and have been discussed by Schoof and Washington [8] , Darmon [2] and Gaál and Pohst [3] . We set
It is convenient to define
Let θ be a root of f t (x) and set K = Q(θ). As an application of Theorem 1, we prove the following result.
Theorem 2. With the above notation, if K is a cyclic quintic field, then its conductor f (K) is given by
We remark that when t ∈ Z, equivalently v = 1, it is known that K is a cyclic quintic field [8] . The special case of Theorem 2 when E(u, 1) is squarefree is given in [3] .
Proof. We have
and set
Appealing to MAPLE, we find Clearly k u,v (X) is a defining polynomial for the cyclic quintic field K. Hence, by Theorem 1, we have
Let q be a prime with
We show that q | E, v q (E) ≡ 0 (mod 5). 
By (23) we have
q | h 3 , q | h 2 , q | h 1 , q | h 0 .
